We determine the Chern characters of two projective modules over the fuzzy sphere and calculate the corresponding topological charges (Chern numbers). These turn out to have corrections-compared to the commutative limit-induced by the noncommutative structure of the three coordinates.
Introduction and Overview
Classical gauge field theories exhibit interesting features connected with the geometry and topology of nontrivial fiber bundles (over space or space-time). Examples are monopole and instanton solutions. In noncommutative geometry the situation is similar since the algebraic aspect of nontriviality is nothing but the projectivity of certain algebra modules.
For the fuzzy sphere this case has first been analyzed by one of us (HG) et. al. in [1] (see also [2] ), leading to scalar and spinor field configurations in monopole backgrounds. A different approach using spectral triples and their Dirac operators has been used in [3] and [4] . Recently [5] there have been attempts to calculate Chern numbers applying a noncommutative version of the projectors for the 2-sphere used in [6] and [7] . In our present analysis we use this setup to show that the Chern characters obtained in this way give rise to non-integer (fuzzy) topological charges, becoming integer in the commutative limit.
In section 2 we briefly review the Chern character on projective modules over algebras equipped with a differential calculus, primarily to settle notation. Further information can be found e.g. in [8] , [9] and [10] . Then in section 3 we review the complex line bundles over the 2-sphere, and in section 4 we generalize the bundles with topological charge ±1 to the fuzzy sphere, resulting in fuzzy line bundles, their Chern characters and Chern numbers.
The Chern Character
Let A be a complex unital not necessarily commutative C ⋆ -algebra and denote A⊗C n by A n . Then any projector (selfadjoint idempotent) p ∈ M n (A), the n×n-matrices with coefficients in A, defines a (finitely generated) projective right A-module E = pA n . Elements ψ of E can be viewed as ψ ∈ A n with pψ = ψ. If A is further endowed with a differential calculus (Ω
called the curvature of ∇. Evaluating ∇ 2 one finds ∇ 2 = p(dp)(dp). The Chern character of E is the set of
which are a cocycles and provide equivalence classes in H 2q (A). Ch 0 (p) = Tr p simply gives the rank of the module. In the case of the 2-sphere and the fuzzy sphere the highest non-vanishing component of the Chern character is Ch 1 . If A is a commutative algebra and E 1 and E 2 are both projective A-modules, then the first component of the Chern character on the module tensor product has the property
as it is the case for bundles of higher topological charge over the 2-sphere.
Line Bundles over the 2-Sphere
In this section we give an instant derivation of all inequivalent complex line bundles over S 2 . Define the 2-sphere by
and denote by A = C ∞ (S 2 ) the commutative C-algebra of smooth functions on it. The Bott projector
a 2×2-matrix with coefficients in A, where σ a are the three Pauli matrices. p defines a line bundle-note that Tr p = 1-over S 2 through the right Amodule of smooth sections E = pA 2 . The first component F ∈ Ω 2 (S 2 ) of the Chern character of E is given by F = Tr p(dp)(dp) = 1 8
Using σ b σ c = δ bc + iǫ bcd σ d and the tracelessness of the Pauli matrices this expression can be seen to be equal to
Since 1 2 ǫ abc x a dx b ∧dx c = sin θdθ∧dφ it holds that
and therefore the first Chern number (topological charge) c 1 (p) of the bundle E is found to be
Notice that c 1 (p t ) = −1. Bundles of higher topological charge can be constructed through the tensor product
is again a projector with Tr p k = 1, i.e. the bundles are complex line bundles, rank C E (k) = 1. Now
where dp appears once at the i-th position. Since p(dp)p = 0 and Tr (a⊗ A b) = Tr a Tr a we get for the Chern character of E (k) F k = Tr p k (dp k )(dp k ) = kTr p(dp)(dp),
i.e. simply k times the Chern character of charge one, and consequently for the associated topological charges
The transposed projectors provide the negative Chern numbers c 1 (p
Fuzzy Line Bundles
The fuzzy sphere [11] , [12] is defined by the relations
where {X a } 3 a=1 generate the irreducible spin j representation of su(2) and κ is not a continuous parameter but restricted to
The associative C-algebra generated by the X a 's is M N (C) =: A N , the algebra of N ×N-matrices with N = 2j + 1. The differential calculus on A N to make it the fuzzy sphere is derivation based: One chooses the three derivations defined by e a := (1/κ) ad X a , satisfying [e a , e b ] = iǫ abc e c , as analogue of the set of vector fields on the 2-sphere. One-forms df for f ∈ A N are given through df (u) = u(f ), where u = u a e a , and u a ∈ C. Particularly dX a (u) = u(X a ). One can choose a basis θ a of Ω 1 (A N ) completely determined by θ a (e b ) = δ a b such that df = e a (f )θ a . To proceed analogously to the commutative case we define p ∈ M 2 (A N ) through
with α, β ∈ R. Then p is a projector if and only if
Accordingly, with this choice for α and β, p defines a projective right A Nmodule E = pA 2 N . Note that
which is unequal 1 as long as κ = 0. We shall refer therefore to this noncommutative "line" bundles as fuzzy line bundles, their "fiber dimension" deviating slightly 1 from 1. The first component F of the Chern character of E is given by F = Tr p(dp)(dp) = Tr
A calculation very similar to the commutative case plus taking into account the commutator of the coordinates leads to
where
Now for f ∈ A N and
with ⋆ ω = 1. The 2-form ω is our noncommutative volume form, in the commutative limit it converges to the normalized volume form on S 2 . Consequently the first Chern number of the fuzzy line bundle E is given by
and one finds
for the topological charge. In the commutative limit κ → 0, i.e. N → ∞ the topological charge is ±1. Bundles of higher topological charge will be treated using a more general approach in a forthcoming paper.
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